Constant Electric and
Magnetic Fields Case

Case A: B = constant
E = constant

Assuming we have no parallel
electric fields, we have

F-B=0

Then we find that in addition to gyromotion,
there is also a drift such that
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Varying E and B fields
Case 1: Scale of variation >> gyroradius of particles
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Then other drifts enter, such as the “gradient” and “curvature” drifts, which, under the
approximation of a curl-free magnetic field

. cW, -

Vg = qB3 b XVB W, ,W, arethe components of the
W particle’s kinetic energy perpendicular and

B = e J B x VB parallel to the average magnetic field

The general expression for motion of the center of gyration of the particle about the
field is given by (b is a unit vector along B)
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That, when averaged over an isotropic distribution of particles gives:

R CmWZ § The text book by Rossi & Olbert
V X =7 “Introduction to the Physics of Space” (1970)
B

is an excellent resource for this topic.




Varying E and B fields
Case 2: Scale of variation = gyroradius of particles

* A “resonance” can occur such that the particles pitch angle is reversed. This is much like
a “scattering” event in scattering theory. The resonance condition is kwu = (), where k is
the wavenumber of the fluctuation, w is the particle speed, 1 is the cosine of the pitch
angle, and () is the particle cyclotron frequency.



A charged particle moving in a turbulent magnetic field (numerical integration)
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Restrictions on particle motions
imposed by artificially limiting the
dimensionality of the fields

e Charged particles are strictly tied to magnetic
lines of force in 1 and 2D electric and magnetic
fields

* This can be proven rigorously and follows
directly from the equations of motion

e This is an artificial and unphysical constraint on
charged-particle motion!

e Be aware!
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Pitch-angle, spatial diffusion, and the quasi-linear theory

We assume charged particles undergo pitch-angle diffusion and their distribution satisfies

df (u,z,t) _ af(‘u, Z,t) 0 ( (’)f(u, Z, t)) This comes from the

dt K 0z du

Boltzmann equation

D, is the pitch-angle diffusion coefficient, W is the pitch cosine. w is the particle speed, z is

the direction along the mean magnetic field.
By assuming small anisotropy, this can be written as a spatial diffusion equation:

df(zt) @[ 0f(z0)
dt _62<K" 0z )

Jokipii, (1966, 1969)
Hasselmann & Wibberenz, (1970)

Where ki, is related to the D, by Earl, (1974)
Luhmann, (1978)

Ky (w) = —

4 au

Dy Mean-free path A, = 3k/w

w2 jl (1 — u?)?
0



Pitch-angle , spatial diffusion, and the quasi-linear theory (cont.)

* The “scattering” is caused by turbulent magnetic fields. D,,is obtained by
integrating the equations of motion of particles moving within these fields (Jokipii,
1966). For a mean magnetic field along z, the relevant equations are:

dp,
dt

B %(”xSBy — vy, 6By ) H= pZ/P p = const.

 Solved by inserting the zeroth order (solution to equations of motion for no
fluctuating field) into the above, dropping terms second order in perturbed
guantities, integrating over time, averaging over gyro-phase and field realizations.
One obtains the well-known result:

T k,.P(k
D,, = lim (@)% = —Qo(1—p?)— (2 r)
At—oo  2At 4 B Jokipii, (1966)



Pitch-angle , spatial diffusion, and the quasi- Jokipii &
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linear theory (cont.)
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In addition to diffusion, there are other important collective effects on
charged particles: they include

e Advection

R (arises because the “scattering centers” are moving
U - \7f with the bulk plasma flow)

* Energy Change

B T7 af (arises because of scattering in converging or
3 diverging flows)



* Note that the energy-change term does not contain the electric field! In
fact, the electric field is what is responsible for energy changes.

e Starting with the work done on a particle by ideal MHD electric field:

d [ p? , L
(p >=—qv_v’-E=gW-(U><B)

dt \2m

* Then, by using a vector identity, and averaging over an isotropic distribution
of particles, it follows (c.f. Jokipii, AIP Conf. Proc., 2012)

dp’ .
dp' _ P’ 5
dt 3
* Which appears in the energy-change term, where p’ is the momentum in the
frame of reference moving with U.



Additional hand-written notes for additional reference

* These notes originated from in-class lectures in the spring of 2018
(and again in spring 2020, virtually) at the University of Arizona in the
graduate level course: “Plasma Physics with Applications to

Astrophysics and Solar Physics”

* Included here are most steps to the derivations of (a) the spatial
diffusion coefficient in terms of the pitch-angle diffusion coefficient,

and (b) the energy-change term.
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