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FLUID THEORIES
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When neglecting BINARY COLLISIONS we get the VLASOV equation:

Specific collision models lead to tl#oltzmannequation (binary collisionseutral gas):
https://farside.ph.utexas.edteaching/plasma/Plasma/node33.htmi

Not particularly useful for plasmas where many small angle collisions within the Debye
occur among partially shielded particles. In this case a better description is provided by
the FokkerPlanck operator

https://journals.aps.orfpr/abstract/10.1103/PhysRev.107.1
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Even neglecting collision, th8asovsnonlinear, E and Bleterminedby particle motion

q(r,t) = Z e; 0|7 — 7;(t))
J(F 1) = e 0;(t)8[F — 7(1)].
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Animportant consequence®f the VlasowequationisWS |- tifear€m

Introduce the derivativalonga curvey = y(x) aahitrary function ¢ = g(x,y) variesas
dg = % dx + @ d
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Butalongy(x)we have dy = (dy/dz) dx
Sothat dg dg dy

dg = — dx -
J dxx dy dx

Applythisto 1, alongthe REAL TRAJECTORpéarIcle in phasespace (7,
Trajectorygivenin parametricformby 7 = r(c;,t), ¥ = v(cj,1)

dx

v, t)
j=1---6



Quantitiesc; are the 6costantsof integrationrequiredto defineatrajectory. Sothat startingfrom an
Initial conditionthe equationsof motion maybe invertedto give c¢; = ¢;(7,v,t), j=1---6,

Thetotal time derivative of thedistributionfunctionf then becomes
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If fis a solution of f | Aegudtid, fis constant along the real motion of particles. Then, the gene
solution to theVlasovequation may be written as

f(77,17,t) :f(cl,CQH'CG)



With f an arbitrary function of its arguments. Indeed:
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(JEANS THEORBMpample aparticleof massm andcharge g, in anelectrostatic(externa) potential P (7°)
Totalenergyis givenby 1

E = §m’02 -+ 6()(1)(7?)

If at 7 — 0o wherethe potential®(7) , vanishesthe systemisin thermalequilibriumwith densityn, and
temperatureT,, the asymptoticdistr. Functionis a maxwellian

m \3/2 -1
fo = no(ZwkTo) exp _—(§m02/kT0)

:nO( m )S/Qexp(—E/kTo).
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Example relevant to the solar corona: velocity filtratior

Full Maxwellian distribution Gravity removes slow particles;
(all speeds present) only fast particles remain
n(v) n(v)

GRAVITY
< > FAST o
PARTICLES x etv/vo x e~V/"o
Slow particles cannot \
rise; only fast particles /

reach higher altitudes.

—Vin 0 Vin v —Vin 0 Vin v

i ) - B
At low altitude: At higher altitude:
Maxwellian distribution with most particles Gravity removes slow particles.
having speeds around the thermal speed V,. Distribution consists only of the two
Distribution includes both slow (core) and non-Maxwellian tails, « e*¥/vo for v < 0
fast (tail) particles on both sides. and « e "/Vo for v > 0, connecting smoothly
at v = 0. Only fast particles can rise.
4 y - J




Moments of the distribution function

The distribution function iIs not an easily measured quantity. Local macroscopic quantitie
are much easier to. The integral

/f(ﬁ v,t)dv = // f (7, vy, Uy, v t)dv,do,do,

Tells us how many particles, independent of speed, are present in an elementary spatia
volume so that it defines the DENSITY of partlcles /
f




FLUID MODELS OF A PLASMA

Now if 1 is an nth order polynomial InvX Clihen<27¢> IS of order n+1 alitie moment system of
equations is an infinite order systeiGLOSURE PROBLd&tivisistan findingthe APPROPRIArEncation

to a finitenumberof equations

0 = .
= (n() + V- (n(79))

Oth order moment:

Y =m

F (Vo) = (o n())

n
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Where p = nm IS the mass density and fluid velocity Is defined by

i -V (pid) _m(%)call’

/17]‘(77, v, t)dv



I-th component of thevelocitywe obtain

9, 9, 8”07;

5 — (nmu;) o (nm(v;vg)) — n Fy <8vk> =
9 0 ~ (0(nm(v;))
gz ) + 5 (nm{uivk)) —n By = ( ot )cou’

Toappreciatethe significanceof this equationwe nowwrite ¢ = ¢ + w
Sparatingthe average speed from the individual, stochastig with (W) =
We therefore now obtain

(ivk) = ((u; + w;i)(ug + wi)) = wug + (wiwg,)

And we will write
nm(v;vg) = nmu;ur + nmiw;wg) = nmu;ug + Py

Defining the PRESSURE TENS@R: = MM (W; Wk,
nmuyg 1sthe momentumdensityin the kdirection  nmu;ur = uz(nmuk)
Isthe flux of the kth component ofmomentumacrossa unit surfacewhosenormalisin the Hh directionx.






When does an ionized gas become a plasma ?
1/2 471. 2

e
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Saha equation: the ionization of a hydrogen gas is essentially complstéemperatures
of order 1¢ K, much less than the temperature corresponding to the ionization potential

T~1I/k~158x10°K

Also important is that a plasma reaches 90% conductivity with an ionization degree of
only 8%.



Collisions in a plasma 22< = 2;r,

The collision cross-section will therefore be given by:

272 4
2_ 4-7'[le2€

O = TTh™ =
) (3k T)?
and the collision frequency:
B 47 Z%Z%edfn
Ve = 0T = TR 3k )32

Thermal Conductivity  x ~ v2, /v, ~ T°/3



Collisions are also the way through which a plasma thermalizes, 1.e. through which
a plasma containing particle populations with difterent temperatures reaches thermal
equilibrium. In a collision, energy may be transterred from the particle of higher
energy to the lower energy one. Consider then the case of populations of electrons
and 1ons both out of thermodynamic equilibrium but with comparable energies. It may
be shown that collisions lead to equilibrium among particles ot the same species on a
different timescale compared to that required for thermal equilibrium across species.
For collision between identical particles, the characteristic timescale T required to
reach equilibrium 1s given by

Me

» 1/2
Tee = (Vo) = ( ‘) Tii.
I

Thermal equilibrium across species implies collisions between electrons and 1ons:
in one collision an electron can only lose a fraction of order (m,/m;) of its energy.
Reaching thermal equilibrium therefore requires a time

nm; 1/2 n;
Te; = (—) Ti;] = (_)Tee-
Me Me



1 Fluid Closure: MHD eqguations
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The relative role of the magnetic field associated forces and
pressure forces is given by the plasma beta

g — P 87P
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The MHD equations may be written in conservative form as
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Virial theorem and plasmasquilibria

Force tensor
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Multiply by the ith component ofx_Iand integrate over the volume.

O
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Integrating by parts you obtain

/ ;G dSy — o%; G dV = 0
S v Oxx




Surface term can be made to vanish BUT

BQ
TrG =3P + — 0.
ST

A plasma can not be confined by only the setinsistent EM field.
Adding Gravity and kinetic energy one gets

U:/ P av, M = /—dV
vy —1

T — / —pu? dV, ¢———// Grr v, av?
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2T + 3(y — 1)U O+ S5 =

The surface term Is given by




DYNAMICS OF THE INTERPLANETARY GAS
AND MAGNETIC FIELDS*

E. N. PARKER

Enrico Fermi Institute for Nuclear Studies, University of Chicago
Received January 2, 1958

ABSTRACT

We consider the dynamical consequences of Biermann’s suggestion that gas is often streaming out-
ward in all directions from the sun with velocities of the order of 500-1500 km/sec. These velocities of
500 km/sec and more and the interplanetary densities of 500 ions/cm3 (104 gm/sec mass loss from the
sun) follow from the hydrodynamic equations for a 3 X 10¢° K solar corona. It is suggested that the
outward-streaming gas draws out the lines of force of the solar magnetic fields so that near the sun the
field is very nearly in a radial direction. Plasma instabilities are expected to result in the thick shell of
disordered field (107 gauss) inclosing the inner solar system, whose presence has already been inferred
from cosmic-ray observations.

I. INTRODUCTION

Biermann (1951, 1952, 1957¢) has pointed out that the observed motions of comet
tails would seem to require gas streaming outward from the sun. He suggests that gas
is often flowing radially outward in all directions from the sun with velocities ranging
from 500 to 1500 km/sec; there is no indication that the gas ever has any inward motion.
Biermann infers densities at the orbit of earth ranging from 500 hydrogen atoms/cm?
on magnetically quiet days to perhaps 10°/cm? during geomagnetic storms (Unséld and
Chapman 1949). The mass loss to the sun is 104-10% gm/sec. It is the purpose of this
paper to explore some of the grosser dynamic consequences of Biermann’s conclusions.

For instance, we should like to understand what mechanism at the sun might con-
ceivably be responsible for blowing away the required 10**-10' gm of hydrogen each

carnnd with xralarcrtfiee nf +he Aardear Af 1000 bm /cer Al bnavwn mechanicme c1ich ac



How does a hot corona expand?

g = GMg . R Jdp  2myngR,

R? R. Or 2
" mygs R
p(r) =poexp(— /1 dr’ LT )

p = 2nkT

"Y1 falls slower thanpj | a finite pressure at infinity is required confine
atmosphere. In a hot plasma atmosphere thermal conduction Is

proportional QD “Y¥ and therefore”Yi Di 7

Since we know of no general pressure at infinity which could balance the p(«) com-
puted from equation (9) with the expected values of #, we conclude that probably it 1s
not possible for the solar corona, or, indeed, perhaps the atmosphere of any star, to be in
complete hydrostatic equlhbnum out to large distances. We expect always to find some
continued outward hydrodynamic expansion of gas—without considering the evapora-

tion from the high-velocity tail of the Maxwellian distribution (Spitzer 1947; van de
Hulst 1953).

Parker, 1958
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Mestel, quoted in Roberts an&oward(1972): were the b . Son T A 328 15515 o
temperature at the base of the solar corona 1K rather than the e o s
generally accepted 19K the total pressure far from the sun would Stellar winds and breezes

suffice to suppress the solar wind entirely By P. H. Rosuxus}

Advanced Study Program, National Center for Atmospheric Research,}
Boulder, Colorado, US.A.

AND A M. SowaRDTY
Cooperative Institute for Research in Environmental Seiences,§

P.., =1.24 10 -12dyne/cm 2 confines a 10 > K corona Boulder, Colorado, U5.A.

(Communicated by K. Stewartson F.R.S. — Received 13 Seplember 1971 —

Astronomer and astrophysicist who inspired generations of Bevised 10 January 1972)

students and discovered the COOling law for white dwarf stars Steady stellar winds are generally divided into two classes: (i) the winds proper, for which

the energy flux per unit aolid angle, K, 1s non-zero, and (i} the breezes, for which E.o=10

The breczes may be distinguished from one another by the value of the ratio, g, of kinstie
to thermal energy of the particles in the limit of large distence, v, from the stellar centre, or
more precsely by

= lim — ,
ey

where v{r) is breeze velooity, T(r) 15 temperature, m is mean particle mass, and & is the
Boltzmann constant. Solutions have previously been obtained for values of g in the range
0 = g = 1, in which the breezea are subsonie everywhere with respect to the isothermal
speed of sound. It is demonstrated here that two distinet solutions exist as g — §, namely
(in an obvious notation) the g = £§— and the g = §+ poesibilities. It iz shown that, if
g > #{g < &) thesclutions are everywhere supersonic {subsonic) with respoct to the adighatie
speed of sound. If 1 < g « §, they possess a oritical point, at whish the isothermal speed of
gound and the flow speed coincide.

The winde are examined in the limit E_, — 0, and the relation with the breezes is studiad.
In particular, it is shown that, for ¢ = O(E %), the winds satisfy the stellar breeze squations
to leading order, and possesa a critical point at » = O{1). For v > O(E*"), the solutions do
not obey the breeze equations. They ultimately follow the Durney asymptotie law [T = O(r—13),
for v — o] for the winds, This demonstration of how the winds merge continuously into the
breezes as K — 0 is new.

The guestion of how the particle density (&) and temperature {T,) at the base of the
stellar aorone determine the type of solution realized outside the star is examined. Even when
the flow speed, v, at the base of the corona 15 subsonio, non-uniqueness can ocoeur. In one
domain of the (N,T,) plane, two distinot types of breeze are possible; in another
these, together with a wind (£, % 0}, are permissible. Elsewhere (large N, moderate T7)
only a unique breeze existe or (emall Ny and/or 7)) & unique wind. In some domains (large T7)
no sbeady solution exists, unless the requirement that the eorona 18 subsonie is relaxed. In
0 Leon Mestel found that white dwarf stars - dead stars that are the endpoint of evolution of this ease, however, the problems of non-uniqueness are severely ageravated,

stars such as the sun - cooled over billions of years. Photograph: Cath Forrest

T Now at School of Mathematics, University of Neweastle upon Tyne.

T The National Center for Atmospheric Research is sponszored by the National Science
Foundation.

§ National Oceanic and Atmospheric Adminmstration/University of Colorado.



Stationary, spherically symmetric flows, isothermal
approximation, sound speed g=1 (r = R/B
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Introducing the Mach number M = U/c
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Pressure as a function of distance from the star

p=p,exp((M, - M?)/2- gR/C?)

Goes to zero for transonic, for breezes varies from:

Psac = Po €XP( gFi/CZ) STATIC
0. = pexp(M2/2- gR /%) CRITICAL BREEZE (upward + downwar
_transonic)




Among flows which are subsonic at the atmospheric base the accelerating transonic has
the special property that density and pressure tend to zero at large distances: because o
the small but finite values of the pressure of the ambient external medium a terminal
shock transition connecting to the lower branch of the double valued solutions filling
region Il will in general be present (McCrea 1956, Holzer antbrd 1970)




Shock position Is determined by the pressure at Infinity via the
jump conditions.

2 _ _\2 _
pr(MT) +p"=p (M) +p~,
oM =ptMt — M M*=1

For given base values of the pressure, the position of the
shock Is uniquely determined by the pressure of the
Interstellar medium, and the distance from the critical point
to the shock decreases as the pressure increases.



As [ Increases the shock moves In (obvious + algebra Is simple

lﬂ | .







SOfor Intermediate pressures at Iinfinity

< < .
' : tat = —~ f
there are two solutions: a wind and a breezePS . Poo = Peri

Multiple solutions often mean INSTABILITY . Are breezes REALLY ST

yv- =adUlcxaplrc’
Ve = VA (r)exp(- i(w+ight)
(M £1)y*6 i(W+ig)yi+%(yi+y“) 'I\\"/IO(M 0 1)=0

Look for solutions with vanishing pressure perturbations at
R, and Infinity



For waves In a flowing medium one defines the
conserved WAVE ACTION (not energy: waves do work on flow)

(M_l)g —12
— Yy

However instabllities may change the wave action (extract
energy from the flow) so equation looks like this:

+20 | (M A 1)y * = (M- D)ly | =0




Integrating this equation between 1 and r and imposing the
boundary condition that the pressure perturbation vanish (1.€.y
= y) both at the solar surface and at great distances, we find

Q(I:tﬁlﬁ — |y+|§)

[ dr M=1{(M 4+ 1)yt ]2 — (M = 1)y

"}f:

But theasymptoticsF 2 NJ 0 NBSI S& A& 20 DA 2
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Boundary conditions are satisfied amplitudes tend to zero at great
distances, and BREEZES ARE UNSTABLE Growth rate as a functi
Base Mach Number

0.1000

0.0040F +
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0.0020
0.0010
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M, Rp



Why are breezes UNSTABLE? Walit a minute sléaok back at the
FAeYLIW2UA0 LINBaadzaNBa XX

Poo = Poexp(M§ /2 — g/c?)

So pressure at infinity INCREASES with INCREASING BASE MACH
b, a. 9wXX

If you have a static atmosphere and increase pressurenét/, you
would expect flow to GO IN, NOT OdBondi, 1952



ON SPHERICALLY SYMMETRICAL ACCRETION

H. Bond:

(Received 1951 October 3)

Summary

The special accretion problem is investigated in which the motion is
steady and spherically symmetrical, the gas being at rest at mﬁmty The
pressure is taken to be proportional to a power of the density. It is found
that the accretion rate is proportional to the square of the mass of the star
and to the density of the gas at infinity, and varies inversely with the cube
of the velocity of sound in the gas at infinity. The factor of proportionality
is not determined by the steady-state equations, though it is confined within

certain limits. Arguments are given suggesting that the case physically
most likely to occur is that with the maximum rate of accretion.



Bondi Diagram
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SHOCK WAVES IN STEADY RADIAL MOTION UNDER GRAVITY*
W. H. McCrea

Berkeley Astronomical Department, University of Californiaf
Received May 7, 1956

ABSTRACT

In the steady radial flow of a polytropic gas toward a center of gravitational attraction, it is shown that
a standing shock wave can, in general, exist within a certain distance of the center. This possibility eluci-
dates certain features of Bondi’s investigation of such radial motion and, in particular, helps to resolve
an indeterminacy which he had noted Reasons are given for concluding that the phenomenon may have
application to accretion by a binary star.

I. INTRODUCTION

The steady spherically symmetric motion of a gas toward a center of gravitational
attraction has been studied by Bondi (1952). The main purpose of the present work is
to show that a standing spherical shock wave may occur in such motion. If it does, the
motion on the supersonic side is given by a particular solution discovered by Bondi, while
the motion on the subsonic side is given by one of a set of solutions which he found but
which had appeared to be without physical significance. In this and other ways the work
assists in the interpretation of Bondi’s investigation.

VIII. NUMERICAL ILLUSTRATION

In order to illustrate the hydrodynamical theory for a value of v in therange 1 < v <
2, it is convenient to use v = Z. This value was also used by Bondi, and Figure 1 repro-
duces some features of Bondi’s Figure 2, though the present calculations have been done
afresh.

loq' Ou

log,

F1c. 1.—Example of motion with shock wave, v = %. A4, A*A*, solution of equation (8 1) for x = §;
BB, B'B’, solution for « = 2.77; DEFG, motion with shock EF; LFK, values of %, corresponding to #
given by AEK; and CC, C'C’, solution for « = §. Abscissa logyo #; ordinate logio %.



As p Increases above.; What HAPPENS ??? @gp to
BREEZES, (B p.i and they®e unstable ANYWAY)




Parker to Bondl
And back. Hysteresis
cycle (Velli, 1994)

Solves Inconsistencies In
numerical simulations

Galactic fountains
Supergiant and stellar winds




2.0 Numerical simulation: Del Zanna etal. 19










