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• Kinetic theory -> fluids -> plasmas

• MHD 

• A fluid instability: why the solar wind is 
supersonic

• MHD waves, spherically polarized Alfvén 
waves, switchbacks and solar wind turbulence

• MHD invariants and Magnetic Reconnection 
as instability

 



FLUID THEORIES



So:

When neglecting BINARY COLLISIONS we get the VLASOV equation:

Specific collision models lead to the  Boltzmann equation (binary collisions-neutral gas): 

https://farside.ph.utexas.edu/teaching/plasma/Plasma/node33.html

Not particularly useful for plasmas where many small angle collisions within the Debye 
occur among partially shielded particles. In this case a better description is provided by 
the Fokker-Planck operator

https://journals.aps.org/pr/abstract/10.1103/PhysRev.107.1



Vlasov equation and Jeans’ theorem.

Even neglecting collision, the Vlasov is nonlinear, E and  B determined by particle motion

. 

An important consequence of the Vlasov equation is Jeans’ theorem. 

Introduce the derivative along a curve                       : an arbitrary function varies as

But along y(x) we have

So that

Apply this to f, along the REAL TRAJECTORY of particle in phase space

Trajectory given in parametric form by



Quantities are the 6 costants of integration required to define a trajectory. So that starting from an 
initial condition the equations of motion may be inverted to give

The total time derivative of the distribution function f then becomes

But

So that

If f is a solution of Vlasov’s equation,  f is constant along the real motion of particles. Then, the general 
solution to the Vlasov equation may be written as



With              an arbitrary function of its arguments. Indeed:

(JEANS THEOREM) Example, a particle of mass m and charge e0 in an electrostatic (external) potential
Total energy is given by

If at where the potential ,  vanishes the system is in thermal equilibrium with density n0  and 
temperature T0 , the asymptotic distr. Function is a maxwellian



Example relevant to the solar corona: velocity filtration.



Moments of the distribution function
The distribution function is not an easily measured quantity. Local macroscopic quantities 
are much easier to. The integral

Tells us how many particles, independent of speed, are present in an elementary spatial 
volume so that it defines the DENSITY of particles

The average value of any function of velocity is therefore defined by

 



FLUID MODELS OF A PLASMA
Now if         is an nth order polynomial in in vivj…. Then              is of order n+1 and il the moment system of 
equations is an infinite order system. CLOSURE PROBLEM consists in finding the APPROPRIATE truncation
to a finite number of equations.

0th order moment:

Where                      is the mass density  and fluid velocity is defined by



i-th component of the  velocity we obtain

To appreciate the significance of this equation we now write

Separating the average speed from the individual, stochastic with

We therefore now obtain

And we will write

Defining the PRESSURE TENSOR

is the momentum density in the k direction

Is the flux of the k-th component of momentum across a unit surface whose normal is in the i-th direction xi.



MOMENTS



When does an ionized gas become  a plasma ?

Saha equation: the ionization of a hydrogen gas is essentially complete at temperatures 
of order 104 K, much less than the temperature corresponding to the ionization potential

Also important is that a plasma reaches 90% conductivity with an ionization degree of 
only 8%.



Collisions in a plasma

Thermal Conductivity





1 Fluid Closure: MHD equations



The relative role of the magnetic field associated forces and 
pressure forces is given by the plasma beta

The MHD equations may be written in conservative form as



Virial theorem and plasma equilibria

Force tensor

Multiply by the ith component of x_i and integrate over the volume.

Integrating by parts you obtain



Surface term can be made to vanish BUT

A plasma can not be confined by only the self-consistent EM field. 
Adding Gravity and kinetic energy one gets

The surface term is given by
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𝑇(𝑟) falls slower than Τ1 𝑟 a finite pressure at infinity is required confine 
atmosphere. In a hot plasma atmosphere thermal conduction is 

proportional 𝑘 ∼ 𝑇5/2 and therefore 𝑇(𝑟) ∼ 𝑟−2/7

How does a hot corona expand?

Parker, 1958
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Mestel, quoted in Roberts and Soward (1972): “were the 
temperature at the base of the solar corona 105 K  rather than the 
generally accepted 106 K the total pressure far from the sun would 
suffice to suppress the solar wind entirely”

Pism = 1.24 10 -12dyne/cm2 confines a 105 K corona 



7/22/2026 Plasma Physics of the Solar 

Wind

Stationary, spherically symmetric flows, isothermal 
approximation, sound speed c,  = 1 (r = R/Rs)

Introducing the Mach number M = U/c 

Integrate to 
  

   

rUr 2 = Fm p =  c2r

U
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¶r
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Plasma Physics of the Solar Wind

I Breezes

II ?

III Supersonic

IV?

Transonic



7/22/2026 Plasma Physics of the Solar 

Wind

Pressure as a function of distance from the star

Goes to zero for transonic, for breezes varies from:
 STATIC

CRITICAL BREEZE (upward + downward 
transonic)

  

  

p = p0 exp((M0

2 - M 2)/2 - gRs /c2 )

  

  

pstat = p0 exp(-gRs /c2 )

  

  

pcrit = p0 exp(M*

2 /2 - gRs /c2)



7/22/2026 Plasma Physics of the Solar 

Wind

Among flows which are subsonic at the atmospheric base the accelerating transonic has 
the special property that density and pressure tend to zero at large distances: because of 
the small but finite values of the pressure of the ambient external medium a terminal 
shock transition connecting to the lower branch of the double valued solutions filling 
region II will in general be present (McCrea 1956, Holzer and Axford 1970)



Shock position is determined by the pressure at infinity via the 
jump conditions.

For given base values of the pressure, the position of the 
shock is uniquely determined by the pressure of the 
interstellar medium, and the distance from the critical point 
to the shock decreases as the pressure increases. 

M - M+ = 1



7/22/2026 Plasma Physics of the Solar 

Wind

As p∞ increases the shock moves in (obvious + algebra is simple).





SO for intermediate pressures at infinity 

 there are two solutions: a wind and a breeze. 

Multiple solutions often mean INSTABILITY . Are breezes REALLY STABLE? 

Look for solutions with vanishing pressure perturbations at
R0 and infinity 

    

   

y± = dU/c ±dp/rc2

y± = y± (r)exp(-i(w + ig )t)

M ±1( ) y±’-i(w + ig)y± +
1

2
(y± + y∓)

M’

M
(M ∓1) = 0



For waves in a flowing medium one defines the
conserved WAVE ACTION (not energy: waves do work on flow)

However instabilities may change the wave action (extract 
energy from the flow) so equation looks like this:



7/22/2026 Plasma Physics of the Solar 

Wind

Integrating this equation between 1 and r and imposing the 
boundary condition that the  pressure perturbation vanish (i.e. y+ 
= y-) both at the solar surface and at great distances, we find

But the asymptotics for breezes is obvious…..



Boundary conditions are satisfied amplitudes tend to zero at great 
distances, and BREEZES ARE UNSTABLE  Growth rate as a function of 
Base Mach Number



Why are breezes UNSTABLE? Wait a minute, let’s look back at the 
asymptotic pressures ……

So pressure at infinity INCREASES with INCREASING BASE MACH 
NUMBER…… 

If you have a static atmosphere and increase pressure at infty, you 
would expect flow to GO IN, NOT OUT – Bondi, 1952





Bondi Diagram

(i)
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As p∞ increases above pcrit What HAPPENS ??? Can’t go to 
BREEZES (p∞ < pcrit and they’re unstable ANYWAY)



Plasma Physics of the Solar Wind

Parker to Bondi

And back. Hysteresis 

cycle (Velli, 1994)

Solves inconsistencies in 

numerical simulations

Galactic fountains

Supergiant and stellar winds



Numerical simulation:  Del Zanna  et al. 1998









Alfvén Theorem: magnetic flux through a closed line which moves 
with the fluid is constant in time. 



Magnetic Helicity: In ideal MHD the helicity density integral 
along any closed field line is conserved. 



So as long as

And                     on the surface, Magnetic Helicity is Conserved.  



Minimum energy at constant helicity: Force-free



If resistivity is included, one can show that the Total Helicity must be 
dissipated at a rate which is much lower than the total energy. From 
definitions:

Apply now the Schwarz inequality 

To obtain 

This implies that in the presence of turbulence or reconnection (finite energy 
dissipation with vanishingly small             )total helicity CAN NOT be dissipated. 



Energy minimum (Woltjer) Relaxation (Taylor) -> Force-free states Astrophysical 
Applications: Coronal heating, Magnetic structure of the solar corona. But how?

Alfvén Theorem: magnetic flux through a closed line which moves with the fluid 
is constant in time. Resistivity breaks the Alfvén theorem leading to possible 
energy dissipation and relaxation. 



MHD WAVES – SLOW, FAST AND ALFVEN
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Turbulence of spherically polarized Alfvénic fluctuatioms. Goldstein 
et al. 1974; Barnes 1981; Gosling et al. 2009; Matteini et al. 2014



Recent measurements from the NASA Parker Solar Probe (PSP) revealed that the solar wind 
emerging from coronal holes, or ‘streams,’ is organized into ‘microstreams’ with an angular scale 
(5-10°) in Carrington longitude8 similar to the underlying supergranulation cells associated with 
horizontal flows in the photosphere9.  Supergranulation flows are thought to drag the 
photospheric magnetic field into the convective downflows where the field intensifies and the 
magnetic field energy density dominates over the plasma pressure2. However, the footpoints of 
the previous PSP encounter  were inferred to be at high latitudes on the far side of the Sun so 
that the detailed magnetic structure of the cells and their connectivity to the spacecraft could 
not be determined, preventing a complete analysis of the source of these wind microstreams.  
 

 

 
Fig 1.  Time series measurements of the solar wind plasma and magnetic field through the November 2021 solar 
encounter.  a. Hot solar wind ions extend in energy to ~85keV as suprathermal tails on the proton particle 
distribution in (b).  c.  Red arcs mark the solar wind radial velocity microstream structure that is organized in 
Carrington longitude at angular scales associated with supergranulation convection and the photospheric network 
magnetic field (see Fig. 2).  These microstreams become shorter in duration as the spacecraft accelerates through 
perihelion near the center of this figure and sweeps more rapidly through Carrington longitude.  The thermal alpha 
particle abundance (blue trace in panel c) is similarly modulated by the microstream structure.  The alpha particle 
abundance is frozen-in at the base of the corona. (d) Reversals of the radial magnetic field, so-called 'switchbacks', 

Bale et 

al 2023
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• 𝐵 = 𝑐𝑜𝑛𝑠𝑡

• 𝜌 = 𝑐𝑜𝑛𝑠𝑡

• Open field lines

• One-sided

• Alfvénic

• Solitary

Switchbacks are solitary 

Alfvénic perturbations of 

the otherwise 

unperturbed open 

coronal fiel





Switchback Patches



Preferential 

Switchback 

directionality



Creating Switchbacks



Fast waves, low beta

Total reflection occurs where



Alfvén waves in an inhomogeneous medium:
gradients along the field

Energy flux is conserved along the field



Equations become

Propagation vs reflection is determined by

Never total reflection.



convection reflection &shear

nonlinearity

reflection & expansion

dissipation

Both nonlinearities and expansion effects (inhomogeneity) are crucial

Turbulence in the solar wind is a multi-scale problem: must resolve scales from ~1AU down to at 

least 10-5 AU — incredibly challenging for computation

Waves and Turbulence in the Solar Wind

Elssäser variables Alfvén speed



Close to the Sun U<<V_a far from the Sun U>>V_A

O(0) Alfvén wave model 





Magnetic Reconnection and the Tearing Instability

Ohm’s law 

Generalized Ohm’s law (e- equation of motion) 



Let us now carry out a dimensional analysis by dividing all terms in color with the first term (a 
generic field ) The frequency is defined as the inverse of the characteristic time scale and we
define the sound speed



The electron plasma frequency, electron and proton cyclotron frequency and the collsion frequencies also appear. It follows that to 
neglect the terms in color boxes we require, for the inertial term in green:

For the hall term proportional to                

This may also be written differently, taking into account that the Hall term may also be written in terms of the proton
cyclotron frequency and the Alfven

While the electron pressure gradient term may be eliminated when



Solar Corona: from Flares and CMEs to Heating

Flare: Rapid energy release Coronal 

Heating: Integrated Rapid Energy Release 

(1 Large Flare = 100 hrs of heating on 1 

Active region)



“Stationary, driven” Sweet-Parker reconnection of a current sheet (and its extensions, e.g., the 
Petschek model)

Typical timescale of energy release is 3-30 years!

“The observational and theoretical difficulties with the hypothesis of magnetic-field line 

annihilation suggest that other alternatives for the flare must be explored.” E. Parker, 1963

SLOW

Original Stationary Reconnection Scenario



• “Spontaneous” reconnection as the outcome of an internal instability, 
namely, the tearing mode instability [Furth et al. 1963] on the HARRIS 
SHEET

Normalization



The Tearing Instability: Linearized Equations

Perturbations:

Expand in a Fourier series:



Outer region 𝑦 ≫ 𝛿

𝛾 𝑢′′ − 𝑘2𝑢 = 𝑘 𝐵 𝑏′′ − 𝑘2𝑏 − 𝐵′′𝑏
𝛾𝑏 = −𝑘𝐵𝑢 + 𝜂(𝑏′′ − 𝑘2𝑏)

Here, the resistive term (𝜂 𝑏′′ − 𝑘2𝑏 ) is negligible

The 2nd equation gives  𝑢 = −
𝛾

𝑘𝐵
𝑏 

Then plug it into the first equation, we get an equation

𝑏′′ − 𝑘2𝑏 −
𝐵′′

𝐵
𝑏 + 𝑂 𝛾2 = 0

𝑂(𝛾2) are terms proportional to 𝛾2 which can be neglected in the limit 𝜂 → 0, 

because 𝛾 should naturally be zero if there is no resistivity (tearing mode is resistive 

instability) So, we are left with the equation (which is just the r.h.s. of the first 

equation):

𝑏′′ − 𝑘2𝑏 −
𝐵′′

𝐵
𝑏 = 0



𝑏′′ − 𝑘2𝑏 −
𝐵′′

𝐵
𝑏 = 0

Consider the Harris-type current sheet

𝐵 𝑦 = 𝐵0 tanh
𝑦

𝑎
𝑎: current sheet 

thickness

Note: 𝑎 ≠ 𝛿!
𝑏′′

𝑏
= 𝑘2 −

2

𝑎2
sech2

𝑦

𝑎

Fortunately, this equation has analytic 

solution:

𝑏 =

𝑒−𝑘𝑦 1 +
1

𝑘𝑎
tanh

𝑦

𝑎
, 𝑦 ≥  0

𝑒𝑘𝑦 1 −
1

𝑘𝑎
tanh

𝑦

𝑎
, 𝑦 ≤  0

Note: we have imposed the requirement:

𝑏 𝑦 = ±∞ = 0
Otherwise, both the two branches are exact 

solutions on 𝑦 ∈ (−∞, +∞)



𝑏 =

𝑒−𝑘𝑦 1 +
1

𝑘𝑎
tanh

𝑦

𝑎
, 𝑦 ≥  0

𝑒𝑘𝑦 1 −
1

𝑘𝑎
tanh

𝑦

𝑎
, 𝑦 ≤  0

𝑏′ is 

discontinuous

𝑏 ∝ 𝑒−𝑘 𝑦Far from the center of the current sheet, both 𝑏 and 𝑢 decay 

exponentially (∝ exp −𝑘𝑦 )

As 𝑦 → 0, 𝑏′ is discontinuous, i.e.

𝑏′ 𝑦 = 0+ ≠ 𝑏′ 𝑦 = 0−

as 𝑏′ 𝑦 = 0+ = −𝑏′ 𝑦 = 0− .

To ensure 𝑏′′ 𝑦 = 0  is finite, we need 𝑏′ 𝑦 = 0+ = 𝑏′(
)

𝑦 =
0− = 0

Then, we need to analyze the inner layer 𝑦 ≲ 𝛿

Let’s define a useful quantity derived from the outer solution:

Δ′ = 𝑎
𝑏′ 0+ − 𝑏′(0−)

𝑏(0)
=

2(1 − 𝑘2𝑎2)

𝑘𝑎



Inner region 𝑦 ≲ 𝛿

𝛾 𝑢′′ − 𝑘2𝑢 = 𝑘 𝐵 𝑏′′ − 𝑘2𝑏 − 𝐵′′𝑏
𝛾𝑏 = −𝑘𝐵𝑢 + 𝜂(𝑏′′ − 𝑘2𝑏)

We are very close to 𝑦 = 0. Let’s do some comparisons.

Similarly, we expect 
𝑘2𝑢

𝑢′′ ≪ 1,
𝑘2𝑏

𝑏′′ ≪ 1

𝐵 = 𝐵0tanh(
𝑦

𝑎
), 𝐵′′ = −

2𝐵0

𝑎2 tanh
𝑦

𝑎
sech2 𝑦

𝑎
 

At 𝑦 → 0, we have: 
𝐵′′𝑏

𝐵𝑏′′ = −2 sech2 𝑦

𝑎

𝑏

𝑎2𝑏′′ ∼
𝑏

𝑎2𝑏′′ ≪ 1

Because the layer is very thin so 𝑏&𝑢 change very fast 

𝑏′′ ∝ (
1

𝑎𝛿
 𝑜𝑟

1

𝛿2
) ≫

1

𝑎2



Inside the inner layer, we have:

𝛾 𝑢′′ − 𝑘2𝑢 = 𝑘 𝐵 𝑏′′ − 𝑘2𝑏 − 𝐵′′𝑏
𝛾𝑏 = −𝑘𝐵𝑢 + 𝜂(𝑏′′ − 𝑘2𝑏)

𝛾𝑢′′ ∼ 𝑘𝐵𝑏′′

𝛾𝑏 ∼ −𝑘𝐵𝑢 ∼ 𝜂𝑏′′

From now on, we are considering all the fields at a location 𝑦 = 𝜀𝛿 with 𝜀 ≲
1.

For convenience, we throw away 𝜀 and write 𝑦 = 𝛿.

First, we have 𝐵 𝛿 ≈ 𝐵′ 0 𝛿.

Second, as 𝑢 is an odd function (𝑢 0 = 0), we have: 𝑢′′ 𝛿 ≈ −
𝑢(𝛿)

𝛿2 .

Last, estimate of 𝒃′′ should be made with caution, as 𝑏 is an even function.

Hint: Taylor expansion: 𝑢 0 = 𝑢 𝛿 +
⋯



Taylor expansion:

𝑏′ 0 = 𝑏′ 𝛿 − 𝛿 × 𝑏′′ 𝛿 + 𝑂(𝛿2)
Note that 𝑏′ 0 = 0, we have:

𝑏′′ 𝛿 ∼
𝑏′(𝛿)

𝛿

Recall the definition: Δ′ = 𝑎
𝑏′ 0+ −𝑏′(0−)

𝑏(0)
=

2(1−𝑘2𝑎2)

𝑘𝑎
. 

Note that 0± refers to ±𝛿 here because this is from the outer 

solution.

We can write 𝑏′ 𝛿 ≈ Δ′𝑏(0)/𝑎 and then:

𝑏′′ 𝛿 ∼
Δ′𝑏 0

𝑎𝛿
≈

Δ′𝑏(𝛿)

𝑎𝛿
as 𝑏 𝛿 = 𝑏 0 + 𝑂 𝛿2 ≈ 𝑏(0)

Note: for now we are assuming 𝑘𝑎 ≫
𝛿

𝑎
, i.e., the wave length is not too long (or 𝑘 is not too small) 

so that Δ′ is a finite value and 𝑏′′ ∝ 𝛿−1. This is the traditionally-called constant-𝝍 regime. 

However, as 𝑘𝑎 becomes smaller, 𝑏 becomes steeper (see the figure above). When 𝑘𝑎 ≲
𝛿

𝑎
≪ 1, we 

find that Δ′ ≈
2𝑎

𝛿
and thus 𝑏′′ ∝ 𝛿−2, similar to 𝑢. This is the so-called non-constant-𝝍 regime.



constant-𝜓 regime (𝑘𝑎 ≫
𝛿

𝑎
)

Now we have: 𝑢′′ ∼ −𝑢/𝛿2, 𝐵 ∼ 𝐵′𝛿, 𝑏′′ ∼ Δ′𝑏/(𝑎𝛿)

𝛾𝑢′′ ∼ 𝑘𝐵𝑏′′

𝛾𝑏 ∼ −𝑘𝐵𝑢 ∼ 𝜂𝑏′′
Balance relations:

From 𝛾𝑏 ∼ 𝜂𝑏′′ we get (use the above estimate of 𝑏′′): 𝛾 ∼
𝜂Δ′

𝑎𝛿

𝛾𝑢′′ ∼ 𝑘𝐵𝑏′′ we get 

𝛾𝑢 ∼ −
𝑘𝐵′Δ′𝛿2𝑏

𝑎
In addition, we have the relation 𝛾𝑏 ∼ −𝑘𝐵𝑢, which gives 𝛾𝑏 ∼ −𝑘𝐵′𝛿𝑢

Then we can combine the three relations to eliminate 𝑢, 𝑏 and 𝛿 and get:

𝛾5 ∼ 𝑘𝐵′ 2Δ′4
𝜂3/𝑎4

We see Δ′ must be 

positive if we want 𝛾
to be real 

(instability)

𝛾2 ∼
𝑘𝐵′ 2𝛿3

𝑎
Δ′



𝛾5 ∼
𝑘𝐵′ 2Δ′4

𝜂3

𝑎4

𝛾𝜏𝑎 ∼
𝑎𝐵′

ത𝐵

2
5

1 − 𝑘2𝑎2
4
5 𝑘𝑎 −

2
5𝑆−

3
5

Δ′ =
2(1 − 𝑘2𝑎2)

𝑘𝑎

𝑆 =
𝑎 ത𝐵

𝜂
ത𝐵 is the upstream Alfvén speed

As we see previously, Δ′ should be positive in order to have a growing 

mode, i.e., the wave length must be longer than 𝑎
𝑘𝑎 < 1

Then one can easily show that 1 − 𝑘2𝑎2
4

5(𝑘𝑎)−
2

5 is a decreasing function of 

𝑘 for 0 < 𝑘𝑎 < 1. 

Especially, when 𝛿/𝑎 ≪ 𝑘𝑎 ≪ 1, we have 𝛾 ∝ (𝑘𝑎)−
2

5𝑆−
3

5

𝜏𝑎 = 𝑎/ ത𝐵: Alfvén crossing time



non-constant-𝜓 regime (𝑘𝑎 ≲
𝛿

𝑎
)

Now we have: 𝑢′′ ∼ −𝑢/𝛿2, 𝐵 ∼ 𝐵′𝛿, 𝑏′′ ∼ 𝑏/𝛿2

𝛾𝑢′′ ∼ 𝑘𝐵𝑏′′

𝛾𝑏 ∼ −𝑘𝐵𝑢 ∼ 𝜂𝑏′′

Balance 

relations:

From 𝛾𝑏 ∼ 𝜂𝑏′′ we get (use the above estimate of 𝑏′′):

𝛾 ∼
𝜂

𝛿2

Then, from 𝛾𝑢′′ ∼ 𝑘𝐵𝑏′′ we get 

𝛾𝑢 ∼ −𝑘𝐵′𝛿𝑏

In addition, we have the relation 𝛾𝑏 ∼ −𝑘𝐵𝑢, which gives

𝛾𝑏 ∼ −𝑘𝐵′𝛿𝑢

Then we can combine the three relations to eliminate 𝑢, 𝑏 and 𝛿 and get:

𝛾3 ∼ 𝑘𝐵′ 2𝜂



𝛾3 ∼ 𝑘𝐵′ 2𝜂 𝑆 =
𝑎 ത𝐵

𝜂 ത𝐵 is the upstream Alfvén speed

𝛾𝜏𝑎 ∼
𝑎𝐵′

ത𝐵

2
3

𝑘𝑎
2
3𝑆−1/3

𝜏𝑎 = 𝑎/ ത𝐵: Alfvén crossing time

In contrast to the constant-𝜓 regime, now 𝛾 is an increasing function of 

𝑘
constant-𝝍 non-constant-𝝍

𝑘 range 𝛿/𝑎 ≪ 𝑘𝑎 < 1 𝑘𝑎 ≲ 𝛿/𝑎

𝛾 ∼
1 − 𝑘2𝑎2

4
5 𝑘𝑎 −

2
5𝑆−

3
5 𝑘𝑎

2
3𝑆−1/3

𝛾 and 𝑘 Decreasing with 𝑘 Increasing with 𝑘

A critical point around 𝑘𝑎 ∼ 𝛿/𝑎 that separates the two regimes.

And this critical point corresponds to the peak of the 𝛾(𝑘) curve.



Around the critical point (i.e. 𝑘𝑎 ∼ 𝛿/𝑎), we have 𝛾𝜏𝑎 ∼ 𝑘𝑎 −
2

5𝑆−
3

5

for constant-𝜓 regime (large-𝑘 branch), and 𝛾𝜏𝑎 ∼ 𝑘𝑎
2

3𝑆−
1

3

for non-constant-𝜓 regime (small-k branch).

Thus, to match the two solutions, we have: 𝑘𝑚𝑎 −
2

5𝑆−
3

5 ∼ 𝑘𝑚𝑎
2

3𝑆−
1

3

which gives 𝑘𝑚𝑎 ∼ 𝑆−
1

4 𝑘𝑚 is the wavenumber corresponding to the maximum 

growth rate



Then we plug 𝑘𝑚 into the expression for 𝛾 to get the maximum 𝛾:

𝛾𝑚𝜏𝑎 ∼ 𝑆−
1
2

One can test using either 𝛾 ∼
𝜂Δ′

𝑎𝛿
 or 𝛾 ∼

𝜂

𝛿2 (the balance relations 𝛾𝑏 ∼ 𝜂𝑏′′ 

for the two regimes) that at this point, there is
𝛿𝑚

𝑎
∼ 𝑆−1/4

consistent with the assumption 𝑘𝑚𝑎 ∼ 𝛿𝑚/𝑎

𝑘𝑚𝑎 ∼ 𝑆−
1
4



To conclude this part
• The linear tearing instability requires 𝑘𝑎 < 1

• The 𝛾(𝑘) curve consists of two parts

– The large-𝑘, or constant-𝜓, regime where 𝛾 decreases with 𝑘

– The small-𝑘, or non-constant-𝜓, regime where 𝛾 increases with 𝑘

• Most importantly, the intersection of the two regimes is the fastest-
growing mode, which has the following scaling relations:

– 𝛿𝑚/𝑎 ∼ 𝑆−
1

4

– 𝛾𝑚𝜏𝑎 ∼ 𝑆−
1

2

– 𝑘𝑚𝑎 ∼ 𝑆−
1

4

constant-𝜓

non-constant-𝜓

𝛾𝑚

𝑘𝑚
Numerically solved 𝛾(𝑘) curve for 𝑆 = 104





Three regimes:

k=0.01

k=0.05

k=0.10

k=0.02

S-1/2

S-3/5

S-1/3

Increasing k

Fastest Growing Mode

large Δ’ small Δ’

SLOW

Tearing Mode Instability SUMMARY



Tearing Mode Instability : old and new



• Biskamp (1993) first showed that thin Sweet-Parker current sheets are Tearing 
unstable for an aspect ratio a/L<10-4 (Sonnerup and Sakai 1981)

• With a proper renormalization of Alfvén time and Lundquist # to the macroscopic 
length L, the maximum growth rate scales as S1/4 [Loureiro et al., 2007+]

The “plasmoid chain instability” of Sweet-Parker current sheets

In nature, Sweet-Parker current sheets cannot be formed in the first place!

PARADOX !





• Sweet-Parker current sheets have a growth rate which 
diverges in the ideal limit S>>1

• CONJECTURE: there is a critical aspect ratio L/a at which the 
growth rate does not depend on S. As such, that aspect ratio 
provides an upper limit to current sheets that can be formed 
in nature [Pucci and Velli APJL 2014]

“Ideal” Tearing mode in Thin Sheets



Self-similar evolution and recurrent collapse



Evidence of “recursive” tearing mode-like instabilities during the 
nonlinear stage of a primary tearing mode within a Harris current 
sheet. New plasmoids appear to be generated, at each nth step, 
within smaller and smaller current sheets (CS), that consistently 

correspond to the inner layer of the (n-1)th unstable CS.

Tenerani et al. 2015b, ApJ inspired by Shibata&Tanuma 2001

“Ideal tearing” and recursive collapse



Flux ropes in the Heliospheric current sheet





In view of the progress in understanding the physical processes in the reconnection 
region, reduced equations or fully phenomenological models should allow more 
realistic global simulations in full 3 dimensional geometry, which will be the main 
task in the future. 
Here the magnetic activity in the solar corona is a particularly attractive 
"playground", where one can use, or at least be stimulated by, the stunning obser-
vational data from recent satellite missions such as TRACE.
Finally, a word of caution. In spite of the recent advances, the feeling of mastering, 
after so many years, this scintillating subject called magnetic reconnection might 
again turn out to be elusive.

Like a carousel that’s turning running rings around the moon…
As the images unwind
Like the circles that you find
In the windmills of your mind….(A. & M. Bergman)
Biskamp, 2000
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