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Outline of this lecture
PCA
k-means
Gaussian Mixture Models
Expectation Maximization

Reading Material
K. Murphy; Machine Learning: A Probabilistic Perspective;
Chapter 12
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Recap: Supervised learning
Given a dataset D = {(x (i), y (i))} of data-label pairs, construct a
mapping F (w , x , y).
Examples:

Linear regression
Logistic regression
Support vector machine
Deep net

What if we don’t have labels?
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Without labels, we can still find structure in unlabeled data

D = {(x (i))}

Goal of unsupervised learning?
Less clear but generally:

Recover hidden structure
Data compression or dimensionality reduction
Explore or explain data (generate data)
Construct features for supervised learning
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Why modeling a distribution p(x)?
Synthesis of objects (images, text)
Environment simulator (reinforcement learning, planning)
Leveraging unlabeled data

Farzad Kamalabadi (UIUC) Intro to ML: Generative Models 2026 5 / 66



Methods:
Variational Auto-encoders
Generative Adversarial Nets
Score-based generative models (Diffusion models)
PCA
k-means
Gaussian Mixture Models
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Recap: Maximum likelihood so far?

Model:
p(y |x) =

exp F (y , x ,w)/ε∑
ŷ exp F (ŷ , x ,w)/ε

y : discrete output space
x : input data

Now:

How about modeling a distribution p(x) for the data?
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Given data points x , how can we model p(x)?

Maximum likelihood approach:

θ∗ = max
θ

∑
i

log p(x (i); θ)

I Fit mean and variance (= parameters θ) of a distribution (e.g.,
Gaussian)

I Fit parameters θ of a mixture distribution (e.g., mixture of Gaussian,
k-means)

I Use a variational auto-encoder
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Recall: Linear regression (discriminative)

p(y (i)|x (i)) =
1√

2πσ2
exp

(
− 1

2σ2 (y (i) −w>φ(x (i)))2
)

Now: (generative)

p(x (i)| µ, σ︸︷︷︸
θ or w

) = N (x (i)|µ, σ) =
1√

2πσ2
exp

(
− 1

2σ2 (x (i) − µ)2
)

Important difference: we are now interested in modeling the
distribution of the data x (i) and not the class labels y (i). Though it is

sometimes ambiguous what you call data or labels.
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More broadly:
Generative:

ln pθ(x (i)) = ln
∑

z
pθ(x (i), z)

Discriminative:
ln pw (y |x (i))

Observations:
z latent variable; never observed
y always completely observed
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PCA
Example:
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PCA
Goal: find that lower dimensional linear subspace in which the
projected data has highest variance

(data) X =

 | |
x (1) · · · x (|D|)

| |


(centered data) X̄ =

 | |
x (1) − µ · · · x (|D|) − µ
| |

 where µ =
1
|D|

∑
x∈D

x

Never forget to center data! Symmetric matrix Σ = 1
|D| X̄ X̄ T

max
w :‖w‖2

2=1
Var(wT X̄ ) = max

w :‖w‖2
2=1

E[wT X̄ X̄ T w ] = max
w :‖w‖2

2=1
wT Σw
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How to solve
max

w :‖w‖2
2=1

wT Σw

Lagrangian:
L() = wT Σw − λ(wT w − 1)

Derivative of L w.r.t. w set to zero:

Σw = λw (eigenvalue problem)

Which eigenvector/eigenvalue should we take?

We want to maximize wT Σw = λwT w = λ. Hence, w is the
eigenvector corresponding to the largest eigenvalue.
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Example:

-6 -4 -2 0 2 4 6
x

1

-6

-4

-2

0

2

4

x 2

-6 -4 -2 0 2 4 6
x

1

-6

-4

-2

0

2

4

x 2
What if we want to find the direction with second, third largest variance

that’s orthogonal to the first, first and second?
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Finding that d-dimensional subspace that captures the largest
variance?

max
w1,...,wd :wT

i wj=δij

d∑
i=1

wT
i Σwi

Algorithm:
Work sequentially one vector at a time
Compute a matrix eigenvalue decomposition
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How to project data into low-dimensional space?
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1 Collect all subspace directions:

U =

 | |
w1 · · · wd
| |


2 Project points into subspace

(compressed space)

x̂ = UT (x − µ)

3 Approximately reconstructed data

x̃ = Ux̂ + µ
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Alternative view of PCA:
PCA finds the axis which minimizes the sum of squared distances from
points to their orthogonal projections on that axis (we assume µ = 0
for notational convenience):

min
w :‖w‖2

2=1

1
|D|

|D|∑
i=1

‖x (i) − wwT x (i)‖22 (see previous slide & lin reg)

Frobenius norm:
‖A‖2F =

∑
i,j

a2
i,j = Tr(AT A)
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Rewriting the objective:

1
|D|

|D|∑
i=1

‖x (i) − wwT x (i)‖22 =
1
|D|
‖X̄ − wwT X̄‖2F

=
1
|D|

Tr((PX̄ )T (PX̄ )) where P = I − wwT

=
1
|D|

Tr(X̄ X̄ T PT P)

= Tr(ΣP) since for projection PT P = P

Hence:

arg min
w :‖w‖2

2=1

1
|D|

|D|∑
i=1

‖x (i) − wwT x (i)‖22 := Tr(Σ)− Tr(ΣwwT )

= arg max
w :‖w‖2

2=1
wT Σw
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Applications

Compressing high-dimensional data
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Singular Value Decomposition to compute PCA

Currently we compute the eigenvalues of Σ = 1
|D| X̄ X̄ T

Instead of first computing the outer product and then computing its
eigenvalues we can use the singular value decomposition.

How?

Given the singular value decomposition

1√
|D|

X̄ = USV T

We obtain
Σ = USV T VSUT

The left singular vectors U of 1√
|D|

X̄ are needed
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k-Means Clustering
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Goals of this lecture
Understanding clustering concept
Getting to know k-Means

Reading material:
K. Murphy; Machine Learning: A Probabilistic Perspective;
Chapter 11
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Recap: Semantic Image Segmentation

How did we do it?
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What if we don’t have labels?

Image Intensities Clustering
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How can we do it?
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kMeans/Lloyd’s Algorithm (informal):
Initialize: pick K random points as cluster centers µk

Iterate:
I Assign data points x (i) to closest cluster center according to some

metric
I Update the cluster center to be the average of its assigned points
I Stopping criterion: when no points’ assignments change
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2D Example:

426 9. MIXTURE MODELS AND EM
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Figure 9.1 Illustration of the K-means algorithm using the re-scaled Old Faithful data set. (a) Green points
denote the data set in a two-dimensional Euclidean space. The initial choices for centres µ1 and µ2 are shown
by the red and blue crosses, respectively. (b) In the initial E step, each data point is assigned either to the red
cluster or to the blue cluster, according to which cluster centre is nearer. This is equivalent to classifying the
points according to which side of the perpendicular bisector of the two cluster centres, shown by the magenta
line, they lie on. (c) In the subsequent M step, each cluster centre is re-computed to be the mean of the points
assigned to the corresponding cluster. (d)–(i) show successive E and M steps through to final convergence of
the algorithm.

Farzad Kamalabadi (UIUC) Intro to ML: Generative Models 2026 27 / 66



Formal description:

What cost function does kMeans optimize? (distortion measure)

min
µ

min
r

∑
i∈D

K∑
k=1

1
2

rik‖x (i) − µk‖22 s.t.
{

rik ∈ {0,1} ∀i , k∑K
k=1 rik = 1 ∀i

What does the constraint remind us of?

How to optimize this cost function?
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Cost function:

min
µ

min
r

∑
i∈D

K∑
k=1

1
2

rik‖x (i) − µk‖22 s.t.
{

rik ∈ {0,1} ∀i , k∑K
k=1 rik = 1 ∀i

Alternate optimization:
Optimize for r given µ

rik =

{
1 if k = arg mink∈{1,...,K} ‖x (i) − µk‖22
0 otherwise

Optimize for µ given r

∇µk :
∑
i∈D

rik (x (i) − µk ) = 0

µk =

∑
i∈D rikx (i)∑

i∈D rik
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Properties of Algorithm:
Local optimum is found
Guaranteed to converge in a finite number of iterations
Running time per iteration:

I Assign data points to closest cluster center

O(KNd)

I Change the cluster center to the average of its assigned points

O(Nd)
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Extensions:
kMeans is very sensitive to initialization: kMeans++
kMeans depends on the feature space: Kernels
Evaluation
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kMeans++: How to initialize kMeans
Randomly choose first center
Pick new center with probability proportional to ‖x (i) − µk‖22
(contribution of x (i) to total error)
Repeat until K centers are chosen

Try multiple initializations and choose the best
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Distance measure:
Euclidean (most commonly used)
Cosine
Non-linear (via Kernels): φ(x (i))

Farzad Kamalabadi (UIUC) Intro to ML: Generative Models 2026 33 / 66



How to evaluate clusters?
Generative: How well are points reconstructed from the clusters

Distortion
Discriminative: How well do the clusters correspond to labels

Purity
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Applications
Clustering
Super-pixel segmentation
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How to obtain spatial smoothness?

Augment the feature space φ(x (i)) to contain spatial coordinates in
addition to intensities
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Superpixel segmentation
5D feature space (lab color space, 2d spatial coordinates)
Distance metric treats color dimensions and spatial dimensions
differently
Initial cluster centers are spaced regularly on the image and
slightly perturbed to avoid edges
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Summary:

Pros:
Simple
Easy to implement

Cons:
Need to choose K
Sensitive to outliers
Can get stuck in local minima
All cluster centers have same parameters (non-adaptive)
Can be slow O(KNd)
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Gaussian Mixture Models
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Goals of this section
Understanding Gaussian mixture models
Getting to know more details about generative modeling
Learning the relationship between Gaussian mixture models and
kMeans

Reading material:
C. Bishop; Pattern Recognition and Machine Learning; Chapter
9.2
K. Murphy; Machine Learning: A Probabilistic Perspective;
Chapter 11
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Recall: Linear regression (discriminative)

p(y (i)|x (i)) =
1√

2πσ2
exp

(
− 1

2σ2 (y (i) −w>φ(x (i)))2
)

Now: (generative)

p(x (i)| µ, σ︸︷︷︸
θ or w

) = N (x (i)|µ, σ) =
1√

2πσ2
exp

(
− 1

2σ2 (x (i) − µ)2
)

Important difference: we are now interested in modeling the
distribution of the data x (i) and not the class labels y (i). Though it is

sometimes ambiguous what you call data or labels.
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Given a dataset D = {(x (i))} how to find θ = (µ, σ) of

p(x (i)|µ, σ) =
1√

2πσ2
exp

(
− 1

2σ2 (x (i) − µ)2
)

Minimize negative log-likelihood

Program:

min
µ,σ
− log

∏
i∈D

p(x (i)|µ, σ) :=
∑
i∈D

1
2σ2 (x (i) − µ)2 +

N
2

log(2πσ2)
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Program:

min
µ,σ
− log

∏
i∈D

p(x (i)|µ, σ) :=
∑
i∈D

1
2σ2 (x (i) − µ)2 +

N
2

log(2πσ2)

Optimality condition:

∂
∂µ : 1

σ2

∑
i∈D(x (i) − µ) = 0 =⇒ µ = 1

N
∑

i∈D x (i)

∂
∂σ : −1

σ3

∑
i∈D(x (i) − µ)2 + N

σ = 0 =⇒ σ2 = 1
N
∑

i∈D(x (i) − µ)2

Issue: single Gaussian isn’t that flexible
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110 2. PROBABILITY DISTRIBUTIONS

Figure 2.21 Plots of the ‘old faith-
ful’ data in which the blue curves
show contours of constant proba-
bility density. On the left is a
single Gaussian distribution which
has been fitted to the data us-
ing maximum likelihood. Note that
this distribution fails to capture the
two clumps in the data and indeed
places much of its probability mass
in the central region between the
clumps where the data are relatively
sparse. On the right the distribution
is given by a linear combination of
two Gaussians which has been fitted
to the data by maximum likelihood
using techniques discussed Chap-
ter 9, and which gives a better rep-
resentation of the data.
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The right-hand side of (2.187) is easily evaluated, and the function A(m) can be
inverted numerically.

For completeness, we mention briefly some alternative techniques for the con-
struction of periodic distributions. The simplest approach is to use a histogram of
observations in which the angular coordinate is divided into fixed bins. This has the
virtue of simplicity and flexibility but also suffers from significant limitations, as we
shall see when we discuss histogram methods in more detail in Section 2.5. Another
approach starts, like the von Mises distribution, from a Gaussian distribution over a
Euclidean space but now marginalizes onto the unit circle rather than conditioning
(Mardia and Jupp, 2000). However, this leads to more complex forms of distribution
and will not be discussed further. Finally, any valid distribution over the real axis
(such as a Gaussian) can be turned into a periodic distribution by mapping succes-
sive intervals of width 2π onto the periodic variable (0, 2π), which corresponds to
‘wrapping’ the real axis around unit circle. Again, the resulting distribution is more
complex to handle than the von Mises distribution.

One limitation of the von Mises distribution is that it is unimodal. By forming
mixtures of von Mises distributions, we obtain a flexible framework for modelling
periodic variables that can handle multimodality. For an example of a machine learn-
ing application that makes use of von Mises distributions, see Lawrence et al. (2002),
and for extensions to modelling conditional densities for regression problems, see
Bishop and Nabney (1996).

2.3.9 Mixtures of Gaussians
While the Gaussian distribution has some important analytical properties, it suf-

fers from significant limitations when it comes to modelling real data sets. Consider
the example shown in Figure 2.21. This is known as the ‘Old Faithful’ data set,
and comprises 272 measurements of the eruption of the Old Faithful geyser at Yel-
lowstone National Park in the USA. Each measurement comprises the duration ofAppendix A
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Fix: linear superposition of Gaussians

p(x (i)| π, µ, σ︸ ︷︷ ︸
all components

) =
K∑

k=1

πkN (x (i)|µk , σk )

Constraints:
K∑

k=1

πk = 1 πk ≥ 0

Minimize negative log-likelihood:

min
π,µ,σ

− log
∏
i∈D

p(x (i)|π, µ, σ) := −
∑
i∈D

log
K∑

k=1

πkN (x (i)|µk , σk )

How to optimize:

No closed form solution. Gradient descent is possible.
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Alternative: auxiliary/latent variable zik ∈ {0,1} with
∑K

k=1 zik = 1 ∀i
Marginal for zik

p(zik = 1) = πk p(z i) =
K∏

k=1

πzik
k where z i = [zi1, . . . , ziK ]>

Conditional
p(x (i)|zik = 1) = N (x (i)|µk , σk )

Marginal for x (i)

p(x (i)|π, µ, σ) =
∑
z i

p(x (i)|z i)p(z i) =
∑
z i

K∏
k=1

πzik
k N (x (i)|µk , σk )zik

=
K∑

k=1

πkN (x (i)|µk , σk )

Posterior:

rik =p(zik =1|x (i)) =
p(zik = 1)p(x (i)|zik = 1)∑K
k̂=1 p(zi k̂ =1)p(x (i)|zi k̂ =1)

=
πkN (x (i)|µk , σk )∑K

k̂=1 πk̂N (x (i)|µk̂ , σk̂ )
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With all those definitions at hand, minimize negative log-likelihood:

min
π,µ,σ

− log
∏
i∈D

p(x (i)|π, µ, σ) := −
∑
i∈D

log
K∑

k=1

πkN (x (i)|µk , σk ) s.t.
K∑

k=1

πk = 1

Stationary point: (per cluster weight Nk =
∑

i∈D rik )

∂
∂µk

: −
∑

i∈D rik
(
− 1

2σ2 (x (i) − µk )
)

= 0 =⇒ µk = 1
Nk

∑
i∈D rikx (i)

∂
∂σk

:
∑

i∈D rik
( 1
σ −

1
σ3 (x (i) − µk )2)=0 =⇒ σ2

k = 1
Nk

∑
i∈D rik (x (i) − µk )2

∂
∂πk

: with Lagrange multiplier:
∑

i∈D
N (x (i)|µk ,σk )∑K

k̂=1 πk̂N (x (i)|µk̂ ,σk̂ )
+ λ = 0

multiplication with πk and summation over k : λ = −N
multiplication with πk and rearranging: πk = Nk

N

Not a closed form solution
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Gaussian Mixture Model Algorithm:
Initialize µ, σ, π
Iterate:

I E-Step: Update

rik =
πkN (x (i)|µk , σk )∑K

k̂=1 πk̂N (x (i)|µk̂ , σk̂ )

I M-Step: Update

µk =
1

Nk

∑
i∈D

rik x (i)

σ2
k =

1
Nk

∑
i∈D

rik (x (i) − µk )2

πk =
Nk

N
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9.2. Mixtures of Gaussians 437
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Figure 9.8 Illustration of the EM algorithm using the Old Faithful set as used for the illustration of the K-means
algorithm in Figure 9.1. See the text for details.

and the M step, for reasons that will become apparent shortly. In the expectation
step, or E step, we use the current values for the parameters to evaluate the posterior
probabilities, or responsibilities, given by (9.13). We then use these probabilities in
the maximization step, or M step, to re-estimate the means, covariances, and mix-
ing coefficients using the results (9.17), (9.19), and (9.22). Note that in so doing
we first evaluate the new means using (9.17) and then use these new values to find
the covariances using (9.19), in keeping with the corresponding result for a single
Gaussian distribution. We shall show that each update to the parameters resulting
from an E step followed by an M step is guaranteed to increase the log likelihood
function. In practice, the algorithm is deemed to have converged when the changeSection 9.4
in the log likelihood function, or alternatively in the parameters, falls below some
threshold. We illustrate the EM algorithm for a mixture of two Gaussians applied to
the rescaled Old Faithful data set in Figure 9.8. Here a mixture of two Gaussians
is used, with centres initialized using the same values as for the K-means algorithm
in Figure 9.1, and with precision matrices initialized to be proportional to the unit
matrix. Plot (a) shows the data points in green, together with the initial configura-
tion of the mixture model in which the one standard-deviation contours for the two
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Similarity to kMeans:
rik is an assignment of sample i to cluster k , albeit a soft
assignment
µk are the cluster centers

Can we make this similarity formal?
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Fix σ2
k = ε ∀k

Responsibilities:

rik =
πk exp(− 1

2ε(x
(i) − µk )2)∑K

k̂=1 πk̂ exp(− 1
2ε(x

(i) − µk̂ )2)

What happens for ε→ 0?
In the denominator the term for which (x (i) − µk̂ )2 is smallest goes
to zero slowest
All responsibilities will go to zero except the one for which
(x (i) − µk̂ )2 is smallest, which will go to unity
Responsibilities are hard assignments
Cost function can be shown to be identical in the limit
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Expectation Maximization/Majorize-Minimize/Concave-convex
procedure

Farzad Kamalabadi (UIUC) Intro to ML: Generative Models 2026 53 / 66



Goals of this lecture
Generalizing the kMeans/Gaussian mixture model algorithm
Getting to know the Concave-convex procedure (CCCP)

Reading material:
C. Bishop; Pattern Recognition and Machine Learning; Chapter
9.3, 9.4
Yuille and Rangarajan; Concave Convex Procedure (CCCP); NIPS
2001
K. Murphy; Machine Learning: A Probabilistic Perspective;
Chapter 11
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Recap:

min
π,µ,σ

−
∑
i∈D

ln
K∑

k=1

πkN (x (i)|µk , σk )︸ ︷︷ ︸∑
z i

p(x (i)|z i)p(z i)︸ ︷︷ ︸
p(x(i),z i )

s.t.
K∑

k=1

πk = 1, πk ≥ 0
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More generally: (ignoring
∑

i )

ln pθ(x (i)) = ln
∑
z i

pθ(x (i), z i)

Two options:
Evidence Lower Bound (ELBO)
Concave-Convex Procedure/Majorize-Minimize

End up being identical
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Evidence Lower Bound:
Goal: maximize likelihood

ln pθ(x (i)) = ln
∑

z
pθ(x (i), z)

Let’s introduce distribution q(z) and rewrite:

ln pθ(x (i)) = L(pθ(x (i), z),q(z)) + DKL(q(z),pθ(z |x (i)))

where

L(pθ(x (i), z),q(z)) =
∑

z
q(z) ln

pθ(x (i), z)

q(z)

DKL(q(z),pθ(z |x (i))) =
∑

z
q(z) ln

q(z)

pθ(z |x (i))

DKL: Kullback-Leibler divergence
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Jensen’s inequality:

f convex: f

(∑
z

q(z)g(z)

)
≤
∑

z
q(z)f (g(z))

f concave: f

(∑
z

q(z)g(z)

)
≥
∑

z
q(z)f (g(z))

Consequence for DKL:

−DKL(q(z),pθ(z |x (i))) =
∑

z
q(z) ln

pθ(z |x (i))

q(z)

≤ 0 (pull out ln)

Kullback-Leibler divergence is non-negative
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Consequence for log-likelihood:

ln pθ(x (i)) = L(pθ(x (i), z),q(z)) + DKL(q(z),pθ(z |x (i)))

Lower bound:
ln pθ(x (i)) ≥ L(pθ(x (i), z),q(z))

Idea: instead of maximizing log-likelihood, let’s maximize lower bound:

max
q,θ
L(pθ(x (i), z),q(z))

How: alternating optimization w.r.t. q and θ
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Alternating optimization:

max
q,θ
L(pθ(x (i), z),q(z))

Maximize w.r.t. q:

=⇒ q(z) = pθ(z |x (i))

ln pθ(x (i)) is upper bound and ln pθ(x (i)) = L(pθ(x (i), z),q(z)) if
q(z) = pθ(z |x (i)) (KL-divergence is zero)

Maximize w.r.t. θ
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Alternative to show that q(z) = pθ(z |x (i)):

max
q
L(pθ(x (i), z),q(z))

max
q

∑
z

q(z) ln pθ(x (i), z) + H(q(z)) s.t.
{

q(z) ≥ 0∑
z q(z) = 1

How to solve:

Stationarity of Lagrangian

Solution:

q(z) =
pθ(x (i), z)∑
z pθ(x (i), z)

= pθ(z |x (i)) = ri
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In the Gaussian case:

L(pθ(x (i), z),q(z)) =
∑

z
q(z) ln

pθ(x (i), z)

q(z)

=
∑

z
q(z) ln

∏K
k=1 π

zik
k N (x (i)|µk , σk )zik

q(z)

=
∑
z,k

q(z) lnπzik
k N (x (i)|µk , σk )zik + H(q(z))

=
∑

k

rik lnπkN (x (i)|µk , σk )−
∑

k

rik ln rik

Why is this easier to optimize than the original program?
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In the general case:

pθ(x (i), z) =
1

Z (θ)
exp F (x (i), z , θ) Z (θ): partition function

−L(pθ(x (i), z),q(z)) = −
∑

z
q(z) ln

pθ(x (i), z)

q(z)

= ln Z (θ)−
∑

z
q(z)F (x (i), z , θ)− H(q(z))

Keep that in mind

Farzad Kamalabadi (UIUC) Intro to ML: Generative Models 2026 63 / 66



Concave-convex procedure (CCCP):

Model:
pθ(x (i), z) =

1
Z (θ)

exp F (x (i), z , θ)

Maximum Likelihood (marginalizing over latent space):

min
θ
− ln

∑
z

exp F (x (i), z , θ)

Z (θ)

min
θ

ln Z (θ)︸ ︷︷ ︸
convex if F linear in θ

− ln
∑

z
exp F (x (i), z , θ)︸ ︷︷ ︸

convex if F linear in θ
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Concave-convex procedure (CCCP):

Initialize θ
Repeat:

I Decompose concave part into ‘convex + concave’ at current θ
I Solve convex program

min
θ

ln Z (θ)︸ ︷︷ ︸
convex if F linear in θ

− ln
∑

z
exp F (x (i), z , θ)︸ ︷︷ ︸

convex if F linear in θ

How to decompose: (one possibility)

ln
∑

z
exp F (x (i), z , θ) = ln

∑
z

q(z)
exp F (x (i), z , θ)

q(z)
(Jensen’s)

= max
q(z)

(∑
z

q(z)F (x (i), z , θ) + H(q(z))

)
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Concave-convex procedure (CCCP): Summary

min
θ

ln Z (θ)︸ ︷︷ ︸
convex if F linear in θ

− ln
∑

z
exp F (x (i), z , θ)︸ ︷︷ ︸

convex if F linear in θ

Decomposition:

ln
∑

z
exp F (x (i), z , θ) = max

q(z)

(∑
z

q(z)F (x (i), z , θ) + H(q(z))

)

Results in:

min
θ,q

ln Z (θ)−
∑

z
q(z)F (x (i), z , θ)− H(q(z))
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